High-rise buildings with an active mass damper/driver (AMD) system generally use a simplified mathematical model. e result leads to parametric uncertainties including the stiffness and mass variations exist, and the accuracy of its controller is seriously affected. In view of the above uncertainties, based on a Lyapunov stability theory and linear matrix inequality (LMI) approach, a state feedback controller based on the guaranteed cost control (GCC) algorithm is proposed in this paper. A ten-storey frame with an AMD system is taken as a numerical example, and its control effect and AMD parameters are viewed as the control indexes. e performance of the proposed robust controller is compared with a conventional controller based on the classical LQR algorithm.
Introduction
A passive tuned mass damper (TMD) [1] [2] [3] and an active mass damper/driver (AMD) [4] [5] [6] [7] are usually used to suppress the horizontal dynamic responses of high-rise buildings against an environmental loading such as strong winds and earthquakes. As a TMD control system is relatively simple, economic, and reliable, the practical applications of TMDs are more extensive than those of AMDs. However, because the key parameters of a TMD system are difficult to be changed, the control performance of an AMD system is better than that of a TMD system theoretically [8] . Many studies focus on active control systems. For instance, the experimental validation built the foundation for structural vibration control utilizing an innovative electromagnetic mass driver system in [5] . Combining the simulation analysis and physical test, an AMD subsystem testing method was proposed in [6] .
Furthermore, the linear quadratic regulator (LQR) algorithm is a common design method of AMD control systems [9, 10] , but it requires the accurate mathematical model of a target building. When parametric uncertainties exist [11] , the optimal controller based on nominal structural parameters often fails to guarantee the stability and expected performance of a closed-loop system [12] . erefore, it is necessary to design a robust controller to compensate parametric uncertainties.
In practical engineering, H ∞ control theory was widely used to design a compensation control gain for uncertain stochastic systems [13] [14] [15] . H ∞ control did not depend on the accuracy of a mathematical model. It mainly considered the robust stability of a control system, but it sacrificed its control performance. e guaranteed cost control (GCC) algorithm [16] is a special LQR control method and is widely used in the fields of electronics, aerospace, mechanical engineering, automation, etc. It combined the performance and robustness of the uncertain systems with time delay [17, 18] .
e control algorithm keeps a closed-loop system stable under allowable parametric uncertainties, and its quadratic index is less than a performance limit. A guaranteed cost controller not only solves the defect of the classical LQR algorithm but also possesses the characteristics of clear physical meaning.
In order to successfully apply the GCC algorithm for high-rise buildings with an AMD system, a key step involves solving a positive-definite solution of Riccati matrix equations. Before implementation, several key parameters needed to be determined beforehand. However, effective methods for searching for the optimal values of these parameters are still lacked.
e only method that determined parameters artificially is conservative. Moreover, the solving process is based on a Riccati equation method previously, whose convergence cannot be guaranteed [19] [20] [21] . Combined with a linear matrix inequality (LMI) approach [22] , the Riccati matrix equations could be solved easily [23] . Several above references also indicated that a LMI approach was widely applied to analyze the stability of the control systems with time-delay [24, 25] or design time-delay compensation controllers [26, 27] . Although the timevarying delay compensation was considered in a GCC system [28] , structural parametric uncertainties including stiffness and mass variations reduced the performance of the control system. erefore, combining the GCC algorithm and LMI approach, a robust guaranteed cost controller is needed to enhance the performance and robustness of the systems with parametric uncertainties, and appropriate weight matrices should be selected to combine the robustness with the control performance.
In this paper, a controller based on the classical LQR algorithm is proposed for a ten-storey frame with an accurate mathematical model, and then the selection of the weight matrices is discussed. On this basis, focusing on this ten-storey frame with parametric uncertainties including the stiffness and mass variations, a new robust control system is designed based on the GCC algorithm.
e control effects and AMD parameters are viewed as the control indexes to analyze the performance of the above controller. Finally, an experiment of a four-storey frame is presented to validate the effectiveness of the proposed method.
Optimizing the Parameters Based on the Classical LQR Algorithm
e force equilibrium of a multi-degree-of-freedom (MDOF) control system without parametric uncertainties is as follows: 
where M 0 , C 0 , and K 0 are the nominal mass, damping, and stiffness matrices, respectively. m i , k i , and c i are the mass, interstory stiffness, and damping of the ith floor (i � 1, 2, . . ., n), respectively. m a , c a , and k a are the mass, damping, and stiffness of a single auxiliary mass, respectively. X is the displacement responses relative to the ground. x si are the relative displacements of the ith floor (i � 1, 2, . . ., n), and x a is the relative displacement of a single auxiliary mass. u and w are the control force and external excitation vectors, respectively. B s and B w are the position matrices of the control forces and external excitations, respectively. Equation (1) is expressed into the state-space equation as
where Z is the state vector of a control system that includes the displacement and velocity responses. A, B 1 , and B 2 are the state matrix, the excitation matrix, and the control matrix, which can be expressed as
e control force is
where G is the feedback gain matrix, which is calculated by the classical LQR algorithm. e follow function is used to solve the solution:
where Q is a symmetric and semidefinite positive matrix for the state vectors and R is a symmetric and definite positive matrix for the control force vectors. e weight matrices Q and R are two important parameters of a control system. e selection of the weight matrices reflects the importance attached to the contradictory requirements of the safety and economy of a control system. rough adjusting the weight matrices, an appropriate gain was selected to minimize the performance index under the condition of satisfying the state-space equation and its constraints. en, the optimal control forces could be determined.
e quadratic performance index is defined as
in which with the increase of the weight matrix R, the control force decreases. If the structural responses are expected to decrease, then the weight matrix Q needs to increase. e elements in Q reflect the importance of each component in the state vectors. Substituting equation (4) into equation (2) leads to
A ten-storey frame is used as an example for numerical analysis [29] . e lumped mass method is used to build the mass matrix for the frame. e stiffness matrix can be easily obtained by a flexibility method, as the inverse of the flexibility matrix. e AMD control system with a weight of 4 tons is assumed to be installed on the 8 th floor and is only used to control the horizontal vibration along the minor axis. In the paper, a ten-year return period fluctuating wind load is generated for the objective frame. Its wind speed is based on the Davenport spectrum, and a mixed autoregressive-moving average (MARMA) model [30] is used to simulate its stochastic process.
e controller based on the classical LQR algorithm is designed for the frame. Focusing on the control effects to the 8 th floor and the strokes of the auxiliary mass, the suitable weight matrices Q and R are selected. Specifically, the weight coefficient Q 8 corresponding to the displacements of the 8 th floor and the weight coefficient Q 11 corresponding to the strokes of the auxiliary mass are finally determined, and other weight coefficients are set to one.
e weight coefficients Q 11 and R are firstly set to 4 × 10 2 and 1 × 10 −3 , and the key AMD parameters, including the control forces and strokes, are selected reasonably by analyzing the change of the performance index under different Q 8 values. e change situations of the control effects to the 8 th floor and the AMD parameters with the increase of the Q 8 are shown in Figure 1 . As the Q 8 reflects the importance of the displacement component to the 8 th floor in the state vectors, the control effects to the 8 th floor increase gradually with the increase of the Q 8 , and the control forces and strokes have the same trend. Considering the control effects and economic index, the Q 8 is set to 6 × 10 4 . With the change of the Q 11 , the control effects to the 8 th floor and the AMD parameters are shown in Figure 2 . As the Q 11 reflects the importance of the stroke component in the state vectors, the AMD parameters decrease gradually with the increase of the Q 11 , and the control effects to the 8 th floor also decrease. Considering the control effects and economic index, the Q 11 is set to 3 × 10 2 .
With the change of the R, the control effects to the 8 th floor and the AMD parameters are shown in Figure 3 . As the R reflects the importance of the economy to the control system, the AMD parameters decrease gradually with the increase of the R, and the control effects to the 8 th floor also decrease. Considering the control effects and economic index, the R is set to 1 × 10 −3 . Based on the above analysis, the Q 8 , Q 11 , and R are set to 6 × 10 4 , 3 × 10 2 , and 1 × 10 −3 , respectively. Under a ten-year return period wind load [31] , the structural responses to the 8 th floor and AMD parameters are shown in Figure 4 . e corresponding control effects and AMD parameters are listed in Table 1 . In this paper, the control effect is quantified as the ratio between structural response reduction and the structural response without control, and the AMD parameters include the control forces and strokes. From Figure 4 and Table 1 , the LQR control system can obviously reduce the wind vibration responses. Due to the selected weight matrices, the control effects to the 8 th floor are optimized firstly, in which its control effects are more obvious and better than that of the upper floors.
A Compensation Controller for the Systems with Parametric Uncertainties

Design Principle of the GCC System.
e force equilibrium of an AMD control system with uncertain mass and stiffness is Shock and Vibration
where ΔM and ΔK are the uncertain quantities of the mass and sti ness matrices, respectively. e above parameters can be expressed as
where δ M and δ K are the variation coe cients of structural mass and sti ness, respectively.
When the control forces and external excitations are considered separately, the state equation of the system with uncertain parameters are assumed as
where ΔA, ΔB 1 , and ΔB 2 are the matrices representing parametric uncertainties in the system. e perturbation matrix is assumed to be the following form as described in [32] : where F is an uncertain matrix satisfying F � δI, |δ| < 1, and δ is a uncertain constant. And
Substituting equation (11) into equation (10) leads to
When the input excitation is not considered temporarily, the closed-loop system is
For the uncertain system (14) , the following inequality is satisfied:
where G is a closed-loop feedback gain matrix for system (14) . Lyapunov function V(Z) � Z T PZ, where P is the positive-definite matrix and _ V(Z) is the derivative of V(Z) with respect to time. According to the algorithms of the transport matrix,
According to inequality (15),
Based on a Lyapunov stability theory [33] , system (14) is asymptotically stable. e quadratic performance index of system (14) is obtained by integrating time on both sides of the inequality (17):
Let J * � Z T 0 PZ 0 , where J * is an upper bound of the quadratic performance index. e symmetrical matrix Y is defined as follows:
en, inequality (15) is written as
where the matrix F satisfies the condition F T F < I. If and only if there exists a positive constant μ, the inequality (20) can be written as
e proof can be found in [34] . From Schur's complement [35] , the inequality (21) is equivalent to
e subelements " * " of the upper matrix inequality are obtained according to the symmetry of the matrix. Inequality (22) is pre-and postmultiplying diag{P 
e optimal solutions (X ′ and W ′ ) are obtained through the solver (MINCX) in Matlab.
erefore, the optimal feedback gain matrix of uncertain system (14) is
e state feedback control law is
In engineering practice, the measurement of displacement responses is very difficult for high-rise buildings. Compared to the displacement and velocity feedback, the acceleration feedback method is easier to be implemented. According to [31] , a state observer based on structural acceleration responses is built for high-rise buildings in this paper.
e simulink block diagram of the compensation controller is shown in Figure 5 .
Numerical Verification.
A compensation controller based on the GCC algorithm for the ten-storey frame is used , and 1 × 10 −3 , respectively, and the weight coe cients of other oors are all de ned as one. Two scenarios are analyzed in this part: (1) the variations of the structure parameters are 0%, and (2) the variations of the sti ness and mass are −30% and 20%, respectively.
Under a ten-year return period wind load, the structural responses to the 8 th oor and the AMD parameters are shown in Figures 6 and 7 . e corresponding control e ects and AMD parameters are listed in Tables 2 and 3. e results show that when parametric uncertainties are not considered, the compensation system based on the GCC algorithm reduces the wind vibration responses obviously.
e control e ects and AMD parameters of the GCC system (Table 2) are basically close to those of the LQR system (Table 1) . Speci cally, the maximum variations of the displacement, velocity, and acceleration control e ects between two di erent systems are only 0.39%, 0.42%, and 0.27%, respectively, and the AMD parameters of the GCC controller increase by 0.16 kN and 0.05 cm.
When parametric uncertainties are considered, the GCC system is still e ective. Comparing Table 2 with Table 3 , the maximum variations of the displacement, velocity, and acceleration control e ects between two di erent systems are only 1.98%, 2.25%, and 4.80%, respectively, and the AMD parameters of the GCC controller decrease by 0.39 kN and increase by 0.15 cm. Because the calculation process of the GCC controller contains the optimal selection for the control gains, its control forces display decreased slightly. When parametric uncertainties are considered, the strokes are little higher than that of the system without parametric uncertainties. Owing to the state vectors are real constants, the imaginary part of the feedback gain using GCC compensation is not zero and needs to be set as zero. ere is no such problem in the LQR system.
Experimental Verification
e experimental system of the four-storey frame [36] (Figure 8 ) is considered as an example to verify the e ciency of the compensation control method presented in Section 3.
LQR System.
e classical LQR controller is designed for the experimental system. Focusing on the control e ects to the 4 th oor on which the auxiliary mass is located in and the strokes of the auxiliary mass, the suitable weight matrices Q and R are selected. Speci cally, the weight coe cients Q 4 and Q 5 , corresponding to the displacements of the top oor and the strokes of the auxiliary mass, are nally determined. After analysis, Q 4 , Q 5 , and R are taken as 6 × 10 6 , 3 × 10
2
, and 1 × 10
, respectively, and the weight coe cients of other oors are all de ned as one.
Under an excitation load which has a frequency of 1 Hz and a peak value of 45.89 N, the structural responses and AMD parameters of the LQR system are shown in Figure 9 .
e corresponding control e ects and its AMD parameters are listed in Table 4 . From Figure 9 and Table 4 , the control e ects to the 3 rd oor are less than those to the 2 nd and 4 th oors. In fact, the acceleration control needs a control force with a high frequency. As a result, the structural high-order modes are stimulated. e AMD device is placed on the 4 th oor, and the 3 rd oor has an opposite high-order phase with the 2 nd and 4 th oors. Because of the interaction between the control system and frame as well as the coupling between the horizontal and vertical vibrations, the dynamic responses do not completely obey a sine wave under a sinusoidal load. Moreover, the LQR control system can obviously reduce the dynamic responses. Owing to the selected weight matrices, the control e ects to the 4 th oor are optimized rstly, in which its control e ects are more obvious and better than that to other oors.
GCC System.
e GCC compensation controller is designed for the experimental system. Two scenarios are analyzed in this part: (1) the variations of the structure parameters are 0%, and (2) the variations of the sti ness and mass are −38.3% and 16.8%, respectively. e mass of each oor is changed by applying extra weight, and the sti ness is changed by adjusting the tightness of the connecting bolts. Under the above excitation load, the structural responses to the 4 th oor and the AMD parameters are shown in Figures 10 and 11 . e corresponding control e ects and AMD parameters are listed in Tables 5 and 6 .
When parametric uncertainties are not considered, the GCC compensation system reduces the dynamic responses obviously. Its control e ects and AMD parameters (Table 5) are basically close to those of the LQR system (Table 4 ). e maximum variations of the displacement and acceleration Shock and Vibration 7 control e ects between two di erent systems are only 2.11% and 3.18%, respectively, and the AMD parameters of the GCC controller increase by 0.51 N and 0.18 cm. e results are consistent with the numerical analysis in Section 3.2. When parametric uncertainties are considered, the GCC system is still e ective. Speci cally, the maximum variations of the displacement and acceleration control e ects between two di erent systems (Tables 5 and 6 ) are only 0.93% and 4.18%, respectively, and the AMD parameters of the GCC controller decrease by 0.49 N and increase by 0.84 cm. e reason is explained from the numerical veri cation in Section 3.2.
Conclusion
Based on a Lyapunov stability theory and LMI approach, a compensation controller based on the GCC algorithm is presented for an uncertain control system. A numerical example and an experiment have been conducted to verify the e ectiveness of the proposed method. Based on the results, the following conclusions can be made:
(1) e suitable weight matrices are obtained according to the numerical analysis. Based on these weight matrices, the LQR control system can obviously reduce the wind vibration responses. (2) Based on these weight matrices, the GCC control system reduces the wind vibration responses obviously when parametric uncertainties are not considered. e control effects and AMD parameters of the GCC system are basically close to those of the LQR system. 
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Shock and Vibration (3) For the control system with parametric uncertainties, the GCC compensation controller improves its performance largely and keeps its control parameters stable, which is close to the system without parametric uncertainties. (4) e same result can be obtained when this compensation controller is applied to the experimental system with parametric uncertainties.
Based on the GCC algorithm, a new state feedback controller achieves compensating parametric uncertainties in high-rise buildings with an AMD system. e results indicated that the controller has a good performance and a stable control parameter, which provide good potential for structural vibration control of high-rise buildings.
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